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Darboux transformation is one of the methods used in solving nonlinear evolution equation. Ba-
sically, the Darboux transformation is a linear algebra formulation of the solutions of the Zakharov-
Shabat system of equations associated with the nonlinear evolution equation. In this work, the
evolution of monochromatic electromagnetic wave in a nonlinear-dispersive optical medium is con-
sidered. Using the Darboux transformation, explicit multisoliton solutions (one to three soliton
solutions) are obtained from a trivial initial solution.
PACS numbers:
I. INTRODUCTION
In 1882, Gaston Darboux introduced a method to solve
Sturm-Liouville differential equation, which is called Dar-
boux transformation afterwards[1]. Remarkably, this
transformation can solve not only Sturm-Liouville dif-
ferential equation (another form of time-independent
Schro¨dinger equation), but also for the other forms
of linear and non-linear differential equations, such
as Korteweig-de Vries, Kadomtsev-Petviashvilli, Sine-
Gordon, and Non-linear Schro¨dinger equations. Follow-
ing exposition explains about Darboux transformation
and its generalized form called Crum theorem on Sturm-
Liouville differential equation.
II. DARBOUX TRANSFORMATION AND
CRUM THEOREM
Consider following Sturm-Liouville differential equa-
tion
− ψxx + uψ = λψ (1)
where u is function of x and λ is a constant. In the
Schro¨dinger equation, u represent a potential. Darboux
transformation is defined as follow[1]
ψ[1] =
(
d
dx
− σ1
)
ψ = ψx −
ψ1x
ψ1
ψ
=
ψxψ1 − ψ1xψ
ψ1
=
W (ψ1, ψ)
W (ψ1)
(2)
W (ψ, ψ[1]) expresses Wronskian determinant as below
W (ψ1, ψ1, ...ψN ) =
∣∣∣∣∣∣∣∣
ψ1 ψ2 ... ψN
ψ
(1)
1 ψ
(1)
2 ... ψ
(1)
N
... ... ... ...
ψ
(n−1)
1 ψ
(n−1)
2 ... ψ
(n−1)
N
∣∣∣∣∣∣∣∣
. (3)
where ψ(n) means ψ derivative for n-times and ψ1 is the
solution of ψ for λ = λ1. If ψ is a solution, ψ[1] is the so-
lution for the following Sturm-Liouville differential equa-
tion then
− ψxx[1] + u[1]ψ[1] = λψ[1] (4)
where u[1] is a new function of u which has been trans-
formed. It will be shown below that Darboux transfor-
mation acting on ψ[1] influences the potential u, if ψ[1]
is invariant over Eq. (4).
From Eq.(2), one can obtain following relation
− ψxx[1] = −ψxxx + σ1xxψ + 2σ1xψx + σ1ψxx (5)
Substitution of Eq.(2) and Eq.(5) into Eq.(4) results
− ψxxx + σ1xxψ + 2σ1xψx + σ1ψxx + u[1] (ψx − σ1ψ)
= λ (ψx − σ1ψ)(6)
Using Eq.(1) to substitute ψxx results
(u[1]− u+ 2σ1x)ψx +
(−ux + σ1xx + σ1u− σ1u[1])ψ = 0 (7)
It is clear from Eq.(7), the following relations can be
obtained
u[1] = u− 2σ1x (8)
σ1xx − ux + 2σ1σ1x = 0 (9)
The Eq.(5) shows that function u is also under the trans-
formation due to ψ in Eq.(1) under Darboux transforma-
tion. In other words, Sturm-Liouville equation in Eq.(1)
is covariant under Darboux transformation action
ψ → ψ[1] and u→ u[1]
Interestingly, Darboux transformation can be recur-
sively applied to Sturm-Liouville equation solution and
consequently the potential is under transformation to en-
sure that the solution belongs to the equation.
2III. DISCUSSION
The implementations of Darboux transformations have
been shown in the cases of graphene [2] and cavity quan-
tum electrodynamics [3] [4] and how this would con-
tribute into the problem of group theory is still explored
[5]. The scheme can be related to the problem of pertur-
bation theory as well [6]. This may contribute into the
problem of measurement-based quantum computation [7]
[8] [9].
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